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§ 1
.

Introduction

K =
base field

Let Mgm :: moduli space of prestable curves

of genus g ,
n markings . Objects over Sis

Mg . n (s ) = { *§ JR - - pm /
T " flat - proper , representable
fibers are connected , reduced

curve w/ nodal singularity }
Mgm : algebraic stack , quasi -separated , smooth ,

locally of finite type / k .

( no stability condition )
• when 2g -2th70 ,

M-g.no, Mgm open substack .

§ we don't have Smg
.
! - - ) .



•This space has a well -defined cycle theory

CH* (Mgm)

by Kresch .

• We are interested in the tautological subring
R* (Mgm ) C CH

* (Mgm ) &
.

. In the talk .
we are mainly interested in g-- O

case
.

Tnmtt
.

When g-- o , R
*
(Man ) - CH

*(Mon )
t presented in this seminar last year .

ThmB_ When g --o , taut . relations are additively
generated by the WDVV - relation & 4,12- relations .
*
we will make this in a precise form .



§2
. Cycle theory of algebraic stacks

G. 1) A
.
Kresoh 's cycle theory

• X - finite type scheme .

DM -stack
.

Then a

class in Cte*Cillo Is represented by integral dosed
substuck

.
[ Vis to ti]

• X = [ Y l G ]
.

Then take a fave approximation

of Y xgEG .

and

CH* (X) is At * ( finite app . of YXGEG)
.

[ Edidin - Graham
,
987

Nonanpk Let Mo
.

EZ c Mo
.② be the locus where

curves have at most two nodes .

Tim [Kresoh , 13 ] MoEZ is not a quotient stack .



Idea of K resch :

-

CHIC- ) : cycles generated by integral closed substack.

CII
*
C - ) : = HI CHI +me ( E) where Ei vector

bundle on a space

Ded ( Krock )

CH*(x) :-. Em EH
*
1411134,

Tex
projective

( f . d) f : Y→X
,
E⇒ y .

2 ECHOCE )

• If X is a finite type 1k , stratified by locally
dosed

substadcs which are quotient stack .
Then CH*C- )

has projective pushforward ,
flat pullback,

Chem classes & refined Gysin pullback along Lci

morphisms

⑥ local condition : stabilizer group
of each geom .pt

is affine

* We exclude cg.nl = Cr . o)



If X : locally finite type l k, take a directed

system of open covers { Uil .
Ui : finite type1k

.

CH * (Xl := Em CH * (Vi )



( 2.2) Proper pushforward (after Skowera)
.

It took a while to define pushforward cycles

along proper ( but not nee. pwjlmorphisms.fiX.→Y projective
Tf closed

X C, PCE)

Example lfulghesu) The projection / ft f safe¥774
if

IT : C - Mo-

from the universal curve is not projective .

1hm Kowera .

'
19 ) Let f : X → Y proper . representable

.

Then there exists
.

f-* ICH *(X.F)→ CH* CY .7)

If f is proper , relatively DM - type ,
f-* ICH*CK . Oh) → CH * ( Y .

Q)
.

Moreover f * is compatible with flat pullback , Gysin pullback

etc
.



§3
.

Proof of theorem A .

(3.17 Tautological classes
. We showed that a parallel construction of tautological

rings for Mgm works .

↳ Moduli presentation of Cgm→Mgm .

. Additive bases of R
*(Mgm ) i

[T .
d] T : piestable graph of genus g ,

n legs

x : Q & K - classes
.

Ex Ct .
a ] = 0;!-;÷: °

- o



(3. 2) Proof of Thm A

Trina
.

Rd ( Man) =CHdCMo.n1@ttn.zoV-d.L
, for simplicity ,

n 21
.

•We use the recursive boundary structure of man
and induction on d

.

• We start from Moinm ← locus where C is smooth .

La) Mo?in = BU
,
① = Chak Gm : group of affine

transformations of IA'

- CH ←Cmo?in ) = ④ Cute]

ch Masin - B. Gm
.

→ CH* cnn.s.am) = ② [4h]

cc) Mosmm = Mom
,
h23

.

T CH* (Man) = ④ ( Man >

Pf) Cb) ⇒ CoD .

Use the homotopy Invariance for
affine bundles

.

B



In the proof we use two ingredients ;

(9) Mosin satisfies the Chow Kiimeth property

1997 If f : X-Y proper . surjective ,
relative DM

.

then
f*: CH * CX) → CH * HI surjective

Q Q

Sketch of the proof of Them A)

Consider the excision sequence

CH aman) → CH mom)-CHIE-' o
- tautological .

We have the gluing map .

LI Mo
.
Iu Lps

× Mo
. Icu Ep's
- FMo

, n

Ic[n]

which is proper . representable . Surjective .
⇒ pushforward is surjective .



• Easier to consider the Chow - Kiimeth generating
property CC kgP). Namely , X satisfies Ckgp if
for any Y

CH * CX) ④ CH * (Y)→ CH
*
(XxY)

is surjective .

• In particular (9)
,

CH) + excisur Seg

⇒ Man has Ckgp .

• CH* (Man , ) a CH*Cmo , na)
-" CH#(Man , ×Mom, )

-

tautological by inductor hypothesis

KI



§4
.

Revisit the WDVV - relation
.

Read CWDVV) Tuo . , a P
"

.

So

It! - :*: - IH:
Tn CH ' Cro -y )

.

We will follow a nontraditional way to

understand WDVV
.

(4. 1) Localization sequence .

Consider the localization sequence

CH* ( Mo .4.1) ICH* ( 2145.4 )→ CH* (MT .4) TCH*(May)-10

where CH * ( - ,
1) is the 1st higher Chow group.

• Understand WDVV as the Imd
.



For 1st higher Chow groups , we can forget about
the transversal-ty issue . Let V : scheme I k

.

Let 41 : algebraic 1 - simplex . R =D
- 30.13

.

( re IA're)

z
* (u ×42JPY22, z * (u ×R)

Is Z 't(U) → o
U

[W ]

2 [w] : = ht n ( u x [03 - V x [ 17 )
-

t closure in V x LT .

prop

z* C - - ) c z
* (u xE ) where the cycles intersect faces of

u x& Tn the night dimension .

Ker ( 2 : Z* (UxR ) - Z
*(UI )

CH
'Cu

.
D=-

Im ( 2 : z
*Lux MPs ZKUx R ))



Proof of WDVV when he4)

Let [Lo] E CHA (Mo . 4. t ) corresponds to

i ' T

T.no.. ⇒no.↳ --eat
- %. -

- n

. go 1- - - - - o

Kei

to 41

Now one can compute

21 Lo ] = [o] - C '] Tn CHOGMT
. .)

TE



(4.27 General case .

For h24, we the corresponding motive

Mgm (Moon ) E DM egtm Ck )
and its motivic cohomology . (equivalently , its
higher Chow groups)

• If U : Sm scheme 1k
,
then

CH
'cu .D= H

'

cu
.ZGDE Hoc b. OE )

.

Tim [Chatzistamatiou ,

'

07 ]
.

Let V E LA'T be a hyperplane complement .

Then the motivic cohomology of U is generated

by H' lo . zu)) over HMK.EC. ) ) .

In particular

CHL Cu . e) =/
How ' 057 if 1=1

• otherwise
.



Props
.

For h 24 ,
the Image of the coboundary

i,
Mos

,
nm

CHMM.it/-EoCHll2M..n) → Che-"cm. .. )
is the set of WDVV relations if 1=0 and

trivial if l>o
,

Pf) For simplicity , we prove this for
Moncton

.

idea We want to pullback the previous

computation along the forgetful morphism
I

iYomyjEfoj@tT-Y4o.y-Mo.nTT
-'

( 214T,y)

a ' I/
I
← 2145.4Mo

.y
↳ No

, 4

-



Th
-' (May ) contains Man as an open set .

Let s
'
it
- ' ( 2M-o.yt-2M-o.in : closed

embedding .

We check : wnvv

CH
'
( Man

.
It ⇒ CHOGM-o.n.tl

Ti 0 Tix.
CH ' la -'Mon

,
I ) 2- CHO (T-'2M¥11

IT't . Pat
CH
'

CMo.y.1IIe-DCHY2tTo.y1WDVVUsingSn@Mo.n.an
y generator of CH¥E)

is a pullback of a class Tn CH
'
(Max! )

the



§ 5
.
Proof of Thin B

.

ThmB_ Tautological relations are additively generated
-

by the WDVV elation & 4.K - relations
-

↳ Restricting to Nian
,
the result specializes to the

work of keel
.

(5.1 ) 4 .
K - relations

.

We can simplify 4. K-monomials from the following
relations

r z

(a) 4 , t Yz = b-of in CH ' (Mor )

( use the excision seq )

i

(b) lui = I ¥-4; in CH
' (Man)

,

I, w Iz = In] Ii Iz n23
TEI

, . I.KEIz

( al ka = I 4 & boundary strata . n za
.



( 5.2) Strata space

Let Son be the g--o strata space .

lie
.

formal linear sum of [r, a] ) ← No multiplication
yet .

→ So
, n

= ④ So! P = # of edges .

p Zo

Def Let Ro C- So . no .

The set of relates in {an
generated by tho is a ② - subvector space of So ,n
obtained by
• T : pre stable graph C- So

. n

ee v e VCT )
,

identification of no half edges attached

to U
.

. gluinggofR.at#y.Ex Ro = Its 's -
"

htt 's. .

r I¥¥
-

Eh
4, Ye 4

mirin's .is#is.
glue

y,
4L



Let Rk .4 be the set of relations of Kos 4 monomials
obtained by Ca) - Ca) .

Def Given a graph T . an element

a = Tf du
UEVCT )

is said to be a inform if
.

(97 Nov) = 1 ⇒ Lu = yhb go
-4

cell not ⇒ ⇒ an = Hhc t C- 4h)
' HYE

"

(ggg) nu) ¥3 ⇒ do =L
. Reduced

"

• Let Rwpvv : relations obtained by gluing WDVV
relations Into normal form

• Let So?! C San be the Subroto space

additively generated by normal forms. Then

Soija Son → So.nl/2k.x

is surjective
.



15 -3) Proof of Tsm B
.

• So
, n
→CH * (Mom)

.

[F. a] his Sp * (2) .

ThmB"_
.

CH* (Man) E San / (Ray TRwow ) .

Simple diagram chasing reduces the question to
show that the kernel of

San! → CH* (Mom)

Is RWDW
.

Slept we stratify Man as Allows
.

closed

MY?n = { C l C has at least p nodes I Cs Mo
..

m l M
"

:in
'
= Mo?! ← exactly p nodes

±t÷47ur, Masha , Antti )
where Ep : set of prestable graphs with p edges .



The localization seq reads :

/cn4mi/cH4m: → end cnn.int -origin so

e-

m
> Ptt £%d MTP

steps
.

Mosin satisfies the Chow - Kiimeth property
for CHF - a1) : For TT : quotient stack

,

CH*CM{7n
,

• ) ④ CH * ( Y . .)→ CH* (Minx's . )
CH
*Ck . . )

is an isomorphism in deg • = 1
.

=pIn our setting Man

"i::÷.÷¥"iii.÷: .
TEG. 33

"

-

CH
' (Mo .nu, 1)

* If all my S2 .

k*④ ⑤ CH' ( Ms
.? now ,)



Moreover
,

2 ( du ④off,dm ) =3( du)④ In ,

where Tui is any extension of avi . (
this formula

Is Tndependent of Tv . )

we proved :

BEP
.

The image of

a : CHEMiii. 11-CH't
- '

cm::
"

)

is the same as the image of

REET - s::P"- ctitcm.in"
'

)
.



Step 3
-

It is not so hard to prove that

snot:P → CHEMIE)→ CHEMOEP )

is an Isomorphism .

So we have a splitting i

So
,
nnfp

| 1511
at*Cm 1) ICH

't-' cnn.int's → CHMm :/HAMM → o

→ aitcm TIES::P ⑦ CH 't-'anoint'YCh*cm¥na)
Is.int're at 't- ' CME!" IIRniiiiv

.



The localization sequence
for p--oil . - - - yields

CH* Cmo.nl I S.int" ⑦ CH't-'CMI.nl/Roiw-pw=s.nmto-oCsnotIlRwEw1aonMm
.

! Ruin

I go.int/RwDVV
.

This proves

CH
*Cmon) = So

..
KR.

.
.
+Rwpw)

th



86
.

Remarks

(6. 1) Previous results

• [Oesimghaus
'

18 ] T C Mo
. , open substrate

1- = %•L. . - -
¥1

He constructed an altas [LAIGH → T
and showed

to CH * (T )
⇐ Qsymzzo

We can Identify basis of QSymz> o with

tautological classes .

Es J = Cj , .
- - -

,
j



• [ Fulghesu
,

'

20 ] When p E3 , he

computed CH *(MI? ) using explicit
generators & relations .

graded
e.g CH

* ( ME?) iQ - algebra with 10 generators
and 11 relations

• It is not so easy to write
his classes as

tautological classes .

-It is possible to compare

dim Cttdcmf!)
from [Fulghesu] & ours

.

P €2 i Cfulghesu] match with ours .

[Fulghesu)

p =3 .
dzoo : dim CHEMO:3 ) -- 51

d

{
by←ours

we think [Fulghesu] is missing at least one
relation in CHE CME )

.



(6.27 Mgm vs Mgm .

If 2g -2 th> o, Mgm has a retraction map

to Fgm .

M-g.ir is Mgm M-g.is
-

id .

St : stabilization map ( flat)
.

→ CH * Ctg ,n )→ CH * ( Mgm )
.

Can we understand R
* (Mgm) from R

* ( Mgm)

and CH
*

( Man) ?

When * = 1
.

Prot
.

CH
'
(Mgm) = R

'
(Mgm ) and all tautological

relations are pullbacked from Fgm via St't .



Another interesting map : mzo

Tim : Ag, ntm → Mg in

forgetting the last m markings .

( Tim is flat)

Q) For fixed d .

is the pullback
d

d

Itm : R (Mgm) → R ( Fg , ntm )

Injective for myo ?
•


