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[Part I. Introduction]
I.1 A leading question

Two hurdles

①

. Let X beasmoolh.pwjectivecalabi-Yanfourfldle.ie .

1세 E0 x (indadesHK.abdianfourfldst.deH2 (X .

t.GIEnume.atsurfaces S G X in class a Vice SheA Key

A1 A (2.2) class I does not Nm에 (
22) as X deforms

.

⇒ DeFormation invariantquantit.es

H3 (XRDEHYX.SI附
⇒ 사(X .ㆌ

"

nnnnnr~nnnnn.tostructionSpaceof
ftorderdetrmal.im

a (2.2) class reMains (2.2) Space of X .

←
First

(4 The Hodgeconjec.tn is Not Known forCYfourfoldslhontividcase.br/FoeereamingpoinBandaervesappar in The Competition

We Will Note a I in Part I and
bI in Part포 .

Eangle of CY4 : X C P5 degree Ghypersurfe.lt?.1.h10=h20-_h'?=O.h22=1752
,

= 426
.



I.2 DT4 type virtual class (after Borisov-Joyce, 
Oh-Thomas)

②

V = (0.0 . t.B.nl E④ H
"
(X . ) .

For simpkcity.weconsidertettilbertsc.name
I. (X) = { T.zca.ch. (OZ ) t.ch3삔) =B.NO차마

⑤ Bdowdisassimgeradiestoothermodlisp.ae
. De forMotion theory

: Def = EA (II ) . <

Ohs = Ext2 (II ) . D]semedudity.hig.hr= Ext3(I I) o

Over He Family ,

I s X 化凶
"

> X

i l d : E = R7km파 (II.ㅍ)d3]
毗川

) 4파시 대uybred.to Thomas]

ii) 0 : E 一一.EU E] (Gene dudiy )

NI o : 0, Is det (臣) st E = deHO) (Orientalion) .

Existence of o is due to ICo - Gross - Joya] .

판 IBorisor Jake , OhThomasJ .

There esto a Virtual class

[孔凶式" E Hard (I(N . E) [ B打

수 d.다) [0-1]

[孔如 ]자 E And (I.CNET.ES ) IOT 〕

which Ipads on The Choice of an Oriental.im .

( difloat Choice of O Change The Sign of eachcomededomponenttvd.in
- 글이 ← does Not dpendor.ch3

.

• For Special cum, Carterversion Too termg]
• T.BJT.intgrd Class , [0-1]

"

,
tomslocdizatima.me .



Local model (after [Brav-Bussi-Joyce], [Pantev-Toën-Vaquié-Vezzosi])

Counting points and curves on CY4

③

. 0 : smoothaffinesch.cm
,

dim U = ext1(II).

. E →V : vector bone of anK = ext2 (II).

Q : EE-souirondegoeralesymmetricbilinearfom.toH0(E) : isotropicsec.FM ie Qui) = 0 .

M i = Z(s) CV .

피µt 데 E슀
一岫.ru/M E

※ 11 L0

In III res SUM LIM

If Z ^ C E :maximdisotropicsubbwndle.tfactorsthoughx.IM
]
"
= t.e.IE.at) n [V] E And (M) bcalled Top

Chan class
.

General Case : EE (Et ) .by I에 using T.kiem.li〕 .

When I = 0 Comes or points) , te theory is route toGWTnvariantsiklemm-Pandharipandd.IG-Mawik.tta]
,
IG- 16에 Ia0 -Todd

,

TEN Side
. . .

GW Side is Nice because GWg.pt . g> 2 .



[Part II. Reduction]
II.1 Variation of Hodge Structure (VHS)

Hodge locus (analytic local description)

Curves on surfaces

④

f://t.CB.co) : smooth.projectiemorphism.xoEXB.smooth.cometd.gs-projection

→ (재 ,
FP.tl

,

7) : VHS on B .

. 714 : ttodgebundle.tt lb E H4(xb.CI ) .

b E B

. 낚 : filtrat.cm
.
t.ph = H

"
(xb.RS )

.

tsp.tt: rational structure H4@hFH4CXb.Q )

. 7 : 714 .rs74 @PP i Gas - Manin Connection .

8 E H22 (Xo , Q) . Let U C B : contractibknbhofo.fluitopologicallytrividTETCU.FI싮) 타14(X . )
.

Defimthetlodgelocustld.LU) = {

t.EU/8Cb)EH22(Xb.Q)fEUEuFoagenerdchoiceof%cdim(Hdo.U
) >O 녀 Virtual Class = 0 )

This Ioas is called TheNoether-kfschetzloas.Relatedreductminteenumerati.ve
geometryisdevdopedbyT.li?IBryan-LeungJIMawkkPandharpand Thomas] ,

T.kiem.li?.IKool-ThomaD,. • •



II.2 Deformation of sheaves vs Hodge classes

The key diagram (due to Bloch, Buchweitz-Flenner)

Special feature of CY4 and (2,2) class

⑤

xismooth.projective.CM ,
We HERE ) : No . Volume form

Before a symmetric.be linear form

By : H1 (ㆌ ⑦H진지 →4,3o3ztsfps.2s@owwhe.re
2.tt (다) ⑤ H9 (ELI ) → 사

"
(If ) is a contracton

Let A = Tank(B이 ( 스 E3(X) )
.

Let I : Sheof (or Complex ) on X with Cha(
I) = 0

,

다
.
(I) = 0 .

Then

ob
섀퍼 > Ext2 ( II ) .

2.H)
2 SR荀竗吟

KSSD.tt(다) * <

a At(I) E Ext1 (II @ S2×)Atiyahdass.co
bB) = 23 ( At(I)) ←sheaftheoreticobsmtm.GR
G) = tr(n u A다지 ) semineg.br map Ireland by SR.

o 2.H) = contraction (IVHS) ←

HodgetheeticobstnetimttrlobBD.is
(3D ) = Bo (3.3)

⇒ ob preservessymmetricbiknearforms.amd SR = 0마
.



II.3 Reduced obstruction theory

Surjective cosections

The main theorem

⑥

RealI : V = ( 0.0 . 0.*
.
* )

,

I (X) : Hi

lbertscheme.liE = R71cm . (玉互仕3]
叱玎

> L
孔凶

: asstructon theory .

( removingtividompone.ms from The es Space) .

Over The Module Space , thesemi-regularitymapindc.es amap

SR :恥玎 > HTTP
*

xoO파시 ,
SR2 =

Bo@1ChooseamaximalnondegemcratsubspaceFEtFKD.Vcs
卜叱我) 一川 HTTP / ka (Bo) := HTTP. .

these E Close Orientalon

Then

SRv 疵刊
"

>卜比万 ☒O孔凶 》 나 ☒O北刈 .

→ E = ( Ed ) (V00E13 ) Ed = Core (SRI.is )
.

X

1A atranswrseskceto.ie

( f
U C B Hodgelocusl_UIUEHYTD.RS
팬(BKID There existsare.ae Virtual class

I파시]
"
E And (I (N) , Nd = n+#P. I)

depend.mg on a Choice of Orientalion on E & 卜八列
.
Honor There

existsaredue.cl Virtual structure of Ed ekoG.CM
.

• The class is Independent of The Choice of TT CH1G ) .

• Proof Use T.kiem.li]
.

[ KimPark]
.

• We for their Chelsea that End is areducedobsmdmheoyadaptingthedgebraictw.irmethod of [ Karl Thomas]
.



II.4 Examples
Ideal geometry

Comments on \rho

Some values of \rho

⑦

DI A Point II]EICNissemi-regularifSR.EE
(II). ,PCR) isinjectiel.ie ob is

Suite)
팬(Block

,
BKP) A Point II] issemiregularifandonlyifI.INissmoothofd.im

= Nd at II]
.

• If 0 is represantedbyoi-rgularshok.AT
2
=Evan

.

• Rachel theory Can Be thought as a toof to hand

non

semiregdarsituatims.ee/Ifthekodaira-
Spencer map is anisomorphism.PT

codimoftldo.whentisgaenicdyreduced.br/oeAEh13.UsuaH
y ㆀ is Very for from H3

C1 If H
"
(X) = 0 and d = DiR . Where Di,DIE H젠X) .

Than A = 0 and We have

inaestingnonreduadimaviants.it/=VCf)CP5.=)Jacobian
ringoffencod.esIVHSAX.rs

value s of es Canbecomputdviaperiodintegrals.eg.X-Fermatsextic.HC.isKnowin A Computer each8
.

P2 C X of type (1.1.7) . A = 1G ,

Nd = 1t도 (19-21) =
Oisl Ss X : Local Complete intosetim .

Ed = 1 -2112 =뚤 )
卜比石)

"
>岬 ( N sk) → E dimH (NgD
2

임 , 砧洞仕叭 ,equdswhendisurjete.eg.MXP2c K3 × K3
.
⇒ A =2

.
Nd = 1t치가4)



II.4 Deformation invariance ⑧

f . X-(Bo) : smooth.projectivemorphi.vn .XEXB.smooth.com
ectd.quasipvojedves.tw#BEOx(True ZariskI body on B ) .

Chase a -Section 5 £ H (X113) with No) =

V.IE(X/B) > B

Global invariable cycle ThirdDesigne) (b) is Pure (ii)dass.rsB.lies in he Node Goes .

판(BKP ) .supposetoeeobafamilyoforientatonsor.EU/lB)1B .

If D (E(b)) is onS해P에 B.
,
then There as a Naked class

I IT (X /B)T.ME And + d imB (E (X/B) ) 사

기 - x

1 1 砬瓦 (X/B)TH = I ITas)에 b乃叩
b it_s B ,

a Works also for Ed
.

• Ifwechooeacohlkthoeticinsertimmtefuwihg.vegddeformatminvarianceofnumbersoortheb.ae

ReIWeexpecttheecaddbeanobstruc.tn of he existence of Emily
Orientalion on IT (X/B) in General . At Least Upto SuitHole or of B.

teeexistsafumilyonientut.in .

Remd Condition ④ is not resNative .



Variational Hodge Conjecture (VHC) ⑨

GjedureCGNHendie.cl) f : X→B :

smooth.pwjecte.B.smooth.onnectd.qvasi-pwjetive.VEH인B . 門斥쁘 )
.

If . V0) is a

Ghomologydassofanalgebr.atc cycle at Some o E B(Q)
,
than The

Same had for cell V(b) .

bE BC4)
.

NI n Hode Conjedue ⇒ VHC
" Not Much is Knowin for VHC .

Technical

d

Thm (BKP) Let f :X→ B : Family ofCY4.AssumeHTOD-O.IQ
T.IT(b) (Xb口叱 ¥0 in A * for Some bE13 ,

then VHC.toHs

for I(b)
.

1군쏀 al We to not assame The existence of Family Orientalion or
PH) constant ( material ) .

b / This recove.rsteraltofIBbchJ.IBuchwetz-Flematlsemi.mgdar ⇒ VHC) .

타쏖silxcp5.SC/I:comptdeinIersetim.(Stenbrink)Isixissemi
.mgIan They are Mad When

(1
.
1.1) (1 . 1.2) (1.1.3) (

1. 2.2)

(1.2 .
3) (2 . 22) (2.23) (1.1 . 4)

i i / any
"

Low degree
"

(Fano) surte S C Complete Interactive
G4

.



[Part III. Moduli]
III.1 Moduli of pairs

Construction of moduli spaces

⑦

• X

ismoothpwjectevarietyd.mx?4.Hi1bertschemes
are to Big because of fneroamingpoints.ae .

We constder Alternative Compact 때에sfolbwingT.Pandaripandet.ms

Pain (X .v) = {a IF : Ch(F) = v9modlidakofpairs.dimF.2.to(下 ) < I(下 ) CF :

torsionfiltration.Q-cokers.IE① (F s) is DTEPT-Dstableifsissurjec.ie (Fez )

② (FS) is PTo Stable If To(F) =0
,
d im Q £ 0

.

③ (Es) is P도 托叱 if T.CH t.d.imQ £ 1 炸 : Pure
2dim)

Open
P牝刈 = (Es) '.PTqstable.ch (F) = v4 은 Par Hu )

.

판(BKP) There exisbapwjedtweschemeN.eduGive Group GON ,

G . linearRation L - i . Lo .

L . such that . wexistsnostricttyse.mstable and

N 11 G G
E P

'

인 (X ) q = -1.0.1
.

Here P
' (X) are projection and Conrad by GET WalltoSing .

RI al Existence of DTCGrothendieckl.PE (Le Peter) is Knowin
Model Space of non -punesheavesisnotmuchstudied.TN Construction ofPI

semsnew.to/OurconstnctinismotivatedbyIStoppa-Thomas]



Pointwise description ①

鼠鼠☆

DT PI PI

>

smakeralPT.pair.ISS = Supp (F) issmooth.FI뒈s(C)

www.zcsccsSO-d.im
.

J E
Pure 1 -

diwilblPTopair.IES = Supp(F)
"'

is Cohen -Mod

avg.com
풰→ 0×-0

soso.ists 11

0 - ㅠ (F)→ F.es F1T. (F ) → o

(Es) 여 ( IsK
.

5 )
.

이 PIPI Pain If
S is not CM

,
then Thereexist PI印左) but

not

DT.egsa.sc/lsmoothsurfacesSanSa=P.F=Os,tOOsz/.Asoxtos.es
.

→ Op → 0

S
.



III.2 Pairs as complexes

Questions

⑦

Powerfl ide of I Thomas] T.PT] i

멩 (N is a Firemode Space There END Universal Shot with Section

I := IGap
S

> F] m X x P
.

We constder (FS) as an element in 5 (N :

spl ←네 -

shifkdstr.pl' (N
I
, Perf(X) a,
nnnrrnn

mode Stock of Perfect Complex E

det(E) EOx.EE을 0
.

태 =C
.

班吼內 死 above maphim is an Open inMarsion .

⇒ ¥ 3 temsymmeti.cobstruction theory on 몐 (N and hene

E hedue cycle

Re쏀 PIstabikycondit.ms canberedisedbyBayerspdynomidst.br
Re쁘 When q = 1 . The StateMerit is IndependentypmenbyIGhdampour-Jiang.toI

.

(A) ComespondenebetweenDTPT.im/ariants?
(B) Commander Between PI IPI MariaAs ?

(C) Structure of DE MariaAs ?



[Part IV. Invariants]
IV.1 DT/PT0 correspondence
K-theoretic insertion

Conjectural DT/PT0 correspondence

⑤

다 . Tip : X x맨' (X) '

,
X.PE ' (X )

,

F→ XP의K)
.

F LeDick)
,
L
"

Rap * (F ☒戍 ㄴ) E K0 (P (N )
,

Let y he a formol variable
The Nekrasovge.ms is Give by

《 L 》災 = X印叛)
,
예'"INTas ) ) Where

A (E) : = I i (一心 1¥
Et

E E K0(미의 (N)
.

GBeta (BKP) 다 0 ps . Then There existsachoiceoforientat.ms 마

云 《 L吹京
pn 9

" PI

= Eh 《 L》x.p.in 9
"

E. 《 L成志
.in 9

"

Round al TaKing y→t.wegetcohomobgicdDTIPI.to/whand=o.theconjedureappearsinECao-kool-Monavarid.cl
The cohomobgicdversimofthedenominator.liO (D). 呪岵

d I ASSwing I Joya] , tedosedformulaofthedonominator.is

gienhytheplethysticexponentidIBojkd.clOther Nations (iert.CN 32 )
de Not work .

This onjeduveismotivatedfromtoric.compatatonsfnon.edud)



IV.2 Toric Calabi-Yau fourfold

Equivariant correspondence

Vertex formalism

X : Smith toric (Y4
.

T = PTXCdabi-Yautor.us
"

( t.t.tt4=1 I

On each toric chart X ¢4
,
We Ax Z c X : 2- dim

,
T.inv.no

emheddedpointscasymptol.iebehavior )

0리 NE ¥ 0ㅼ心心 ) , A c ¢2 : 0 - dim ~) {入必臼任 ¢
2D 咐一

OZ 1¢ x ¢3 E G吐心 ] ,

BC¢3 : Idim ~) 1M4 ki £ 4 3D Part .

팬(BKP) Fx X.MSt . There is No mode onPI . Side (ietfixedaeo-dim.vedue)
.
Then ttoeexisttopologicdvert.es (K- theorem)

'쎫아내) , 冷長 (aty)
which depand

on The Choice of SignS .

G뼰 Under te sameassumptim.theeexsachoiceofsignss.tv
呱9세
V멃 (aty)

= V毖 (9ty) .

Up to Sign Issue , Conjetu
'
⇒ equiv version of Crydue by
LocalRain ToD

.

Re쏀 이 F.ndinganiceformul.amT.fi/edloaesisaredchaHenge.blT-fixedonDTisdwaysreducedPoint .

T.fi/edonPTcanbesingularclThedenominaHrhasadosedformdaINekrasov-Razalungdpwenbyikool-Renne.mil



Examples

Final remarks

@
• CrossedinstantonstdetoINekrasov.gaegeorig.ami]

This constder te Case When PI =PI iexgaerd.MNmin .

Le쪤 S C X : Pure 2-dimlsubsche.me .

a S is CM <→ Ext굿 (G
.

0 ×) = 0

. If (F . s) is Supportd on S is bothPI
=PT1

,
then

a Color (s)) E l ( E사주 (O sOP )
.

Eg .
Take S = £2 ¥ 42 .

• ✗
4

幽
✗ .

콤

신

식

Then tehandiedtpdogicdverte.is

v
阮

네이
,0.0.0 .ca) . Mmin

= 1 +
대미ED
대t)[t.is

9

다] ✗ 늘 一位
.

The

a I For Special geomety.tta (D). D ↳ Xismoothdiuisr.dpushedfwmD.wecheckedconjetueonc.am
pactgeomety.br/(workinpNgressB-Bojko-Lim)

.

AsSwing Joyis WallCrossMy
formda

, God had for X = struct CM
,
nonNaked

.



IV.3 PT0/PT1 correspondence

Weierstrass Calabi-Yau fourfolds

⑧
* weexped.PT. and PT.invariantsarerekdedbyaerveantingiwariants.wedon.tkwww.corespmdenainfdlgeneraliy.wefaesm Special

geomety.B.smooth.pwjetiea.co 38H
.
( or CY3)

.

weierst.rs CM :

X con P (O V L3 ) L = KB
.

General fiber of p : Smithdi※
P

are

A any B L ' Single fiber : node , asp

Eat B=P .

HI = 2
.
H은P은 H2 = o

,

52.15.564

.li?3878.LetfEH6CXE)beafiberdass.ConjeIBKD.ForBEHz(B
7£)

,

t二帖 ,
n = t

.
Then There aist

a Choice of Orientalis such that

I 이 ftp.ediir ㅠ 다 .
(여 )

=兀竹
폥IfnK)J가

T됴 i)
.

E. ftp.dfoilr 1
for cell 이 E 卜伴(X) with P* (아) E 卜忽 (B)

.tw(여 ) = k-thdescendentinsert.cn

팬(BKP) ConjectureistmewhenallpureCCB.T.CI =pisimdhecibkGorenst.inand

i / B : toric Fano 38H : Vice Stationany DTIPT on B

T.Obbmkov-okounkov-tndharipandd.it/B:CY3:DT/PTonB[ BridgeIand I I Toda] .

QUI What ahoutaktheoveticcomspor.de?



Moving one irreducible curve ⑦
V = (0.0.0 . B .

n) E ④ 卜伴 (X
.
Q )

.

ASS쁘 i / VPure surface SC X with ISIT are CH with The constant

Ch(Os) = : V6)

" 1 B - v36 ) is Theducible.effete.iiiltpue1-dimensindsheafGmxwitt.ch(G)대 -V6)
,

Ext2 (IsK .
G ) =0 .

"卍汀 EI.ua
.

Gsideramorph.sn ✗modulioftdimlskblesheaves.E.PE(X) > Mv - v6) (N
x IvanK)

F. s) res (Tr (F) , Isupp(F) 1× )
.

팬(BKP) Under Meabeassumptim.EisvirtudlysmoothandIP.TNI
"
= (www.MIY-EIvc.INT이

☒ virtuabpullhack.IMandaand

1군뼥 이 Assumptimilimpt.es va is
"

minimd
"

.
This is The Case

When DT.PT =

PI.br/ThepNofinvoNesfunctoridpwpertyofOhThomasdassdevdo
ped by IPark〕

c 1 € is a Virtual projection bone and
A PushAward

formda dng .



IV.4 Structure of PT1 invariants
Rigid surface inside CY4

Pair/Sheaf correspondence

e@i.SGX
Smith projection surface .

N : i N s ix. ⇒ det (N )#S .

AS쁘 이 T.SI = 0isimducibki.lt(SN) =0 ( ie S G X Cannot Move)

iii, T.snissemiregular.tw
P E H2 (S조 )effective.considerterelativettilbertschemesfhtzccc.si[C]ps.NO#=m1ciSpxsim3ItkasanaturdPair0bstmGimtheory by not I KarlThomasJ .

팬(13KM Under The aboveassumptim.thepushforwardiinduesanopenimmers.im
E. S cnn.PE (X)

.

v = Ch(ix.뒈 )
.

More
,
파 IP넨 (NI Nd = ± am氷門 n [ SP대까다 .

Where

T (r에 4N
) - 이이

= : I an q
"

,

마 E Ho(ST
" )

.

The additimdobstmctimbundtecanbecompuledbyT.atson-OkounkoD.Assumedisimeducible.li
= (0.0.0 .

*
,
* ) E 卜川乂 )

.

Constder The Module Space oftwodimensimdtorsonstablesheaves.MU(x) = { F : F : stabk.ch(F) =v4 .

( Independent of The Choice
of polaris야해 because Lined)

[ M. (NI
"
E A 士十珦一 i, (Mu (

N )
7

화

E : P (x) →Mk)
,

샤이 ↳ 下
rijdifedoh.mg

AS쓰 i / H2 (x .F)=0 반F]EM.INC-cmcial.MEUniversal Shot a on XXMuK)

판(BKP) Under te
aboveassumptim.EEM(NI
'd

= T.pl' (사]"
,



Generating series (?) ⑧
Full Picture is not Clear .

Lane다 fixedo.p.IN >o.stpip.nl/D=0.n3N.MoveooerifXCF1ismaximd
,
F is a refㅵe

sheaf.esIf S = Suit is Smith ,
F = 뒈s (C) .

X(F) is Maximd When

lez) = 0 .

In that Case F = Os(C) .

Case 1 .
Fx 6 . p and

sum Over ni AniMy many Terms

Case2
.

FH and sum Over B : This seemsaninlereskngd.am
(e.g. Weiorstress Model

) .

We should not A n
,
but rate are should

Take n-hma.CO .B) . (refMe Case)
a Natural

www.ologicdinsatim?orKtheoreticiuv?Case3.SumovertiMost omplicatedquest.vn.
The P 6) is Not add.tw nor constant .

and Jumps Around

Many other qvestionstemain.ir Relations to string theory ? . . .


